A di eomorphism U : 7 ! is called a (reversing) k-symmetry of a dynamical system in represented by the di eomorphism f : 7 ! if k is the smallest positive integer for which U is a (reversing) symmetry of f k (the k-times iterate of f), i.e. U f k = f k U.
Introduction
In dynamical systems, symmetry properties have received an increasing interest over the last decade. In particular, many studies have been devoted to equivariant dynamical systems in R n of which the equations of motion commute with the linear representation of a compact Lie group 8, 9] . Apart from equivariant dynamical systems, there has been an independent interest in time-reversal symmetry, mainly { but not only { in Hamiltonian dynamical systems 22, 24, 27] .
Relatively recently, investigations in yet another type of symmetry property { k-symmetry { was initiated in 20]. k-Symmetries are symmetries of dynamical systems with discrete time (maps) arising when the kth iterate of a map possesses more (reversing) symmetries than the map itself. k-Symmetries were originally observed to occur in a variety of examples from physics, in particular in time-one maps of kicked systems 14, 18] .
One of the main questions arising in the context of this observation is why iterates of maps of certain models possess more symmetry properties than the map itself, and in which type of models such maps arise. In 16] a mechanism was presented by which k-symmetry occurs in the context of return maps of space-time symmetric ows, the k-symmetry properties of the map f being directly related to the spatiotemporal symmetry group of the related ow.
In this paper, motivated by the result of 16], we further explore the occurrence of ksymmetry in return maps. Our approach systematically generalizes and extends previous observations in treatises on return maps of space-time symmetric ows and symmetric periodic orbits by Swift The main aim of this paper is to explain and illustrate the occurrence and the use of k-symmetry in the study of return maps of space-time symmetric periodic orbits and ows. In particular, we will discuss the relationship between k-symmetric periodic orbits of ksymmetric maps and space-time symmetric periodic orbits of ows, and the application of this relationship in local bifurcation theory. Up to now, most studies in equivariant bifurcation theory have been concerned with the study of local bifurcations from a symmetric equilibrium point or periodic orbit that is pointwise invariant under the action of a symmetry group 9]. After 12] , also a lot of attention has been devoted to local bifurcations from ow-invariant group orbits (relative equilibria). The situation in which none of the above applies, and a periodic orbit is setwise but not pointwise invariant under the action of a compact Lie group, has not received much attention yet. In this paper we will show that when we study local bifurcations of such period orbits using return maps, we are naturally led to a description in terms of k-symmetric maps. The Birkho normal form theory for k-symmetric maps as developed in 17], can then be used to study generic local bifurcations of space-time symmetric periodic orbits in detail (including their stability properties).
In order to give a avour of the latter application of the results in this paper, we will now present two examples of how k-symmetric maps may be used in the study of local bifurcations of space-time symmetric periodic orbits. Example 1.1 involves equivariance and time-shift symmetries, whereas Example 1.2 also contains time-reversal symmetries. We note that both these examples { like most of this paper { discusses the context of return maps for nonautonomous ows. However, our results also apply to local return maps for periodic orbits of autonomous ows with spatiotemporal symmetry properties (twisted subgroups of ? S 1 in the terminology of 9]), cf. Section 8. and F(x; t) = F(x; t + 1). We furthermore assume that the vector eld possesses the space-time symmetries (x; t) 7 ! (M x (x); t) and (x; t) 7 ! (R 2 (x); t + 1 2 ); (1.2) where M x (x; y) = (x; ?y), and R 2 (x; y) = (y; ?x). By this, we mean that F(M x (x); t) = M x F(x; t) and F(R 2 (x); t + 1 2 ) = R 2 F(x; t).
Because the vector eld has periodicity in time, the time-one return map X 0;1] of the ow of this vector eld is autonomous (independent of time). Moreover, due to the time-shift symmetry, the time-one return map possesses a decomposition property: Note that A is (the spatial) part of a time-shift symmetry.
Rather than using the return map X 0;1] , we use the map f to study generic local bifurcations of a periodic orbit x(t) with period one and full symmetry, i.e. x(t) satis es x(t) = x(t + 1), x(t) = M x (x(t)) and x(t) = R 2 (x(t + 1 2 )). Such a periodic orbit is represented by a xed point x 0 = x(0) of the map f (which is at the same time a xed point of the return map X 0; 1] ).
An important observation is that due to the space-time symmetries of the ow, the map f is 2-symmetric with respect to M x and R It should be noted that the spatiotemporal symmetries involving a time-shift do not arise as k-symmetries of f. However, their presence is encoded in the the relations (1.4). Importantly, the spatiotemporal symmetry properties of the underlying ow induce no other structure on the map f than the k-symmetry properties described by (1.4), cf. Section 3.
We can now use Birkho normal forms to study the generic local bifurcations of the periodic orbit x(t). Generic local bifurcations and Birkho normal forms of maps f satisfying (1.4) above were discussed in a previous paper 17, Section 3.1]. It turns out that the bifurcation problem of the xed point x 0 is closely related to that of a D 4 equivariant steady state bifurcation. At this point it is interesting to note that the linear symmetries of the time-one return map X 0;1] only form the group D 2 . That our bifurcation problem is D 4 rather than D 2 equivariant is due to the presence of the time-shift symmetries of the ow, which lead us to study the map f that is 2-symmetric with respect to D 2 , rather than X 0 ;1] that is D 2 equivariant.
It is well known 9] that generic D 4 equivariant steady state bifurcations involve two equivalence classes of D 1 -symmetric branches. In this example, one D 1 -symmetric branch 1 It should be noted that we could have decomposed X 0;1] also in the following way: X 0;1] = A 2 f 2 where f := A X 0; 1 2 ] and A := R 2 . However, the results in terms of the ow X are independent of the particular choice for A and f. It turns out (using Proposition 7.4) that all these bifurcating solutions have period one. From the Birkho normal forms we can also deduce the stability properties of the bifurcating periodic solutions. For instance, from the analysis in 17] it can be seen that one of the possible generic local bifurcations is a supercritical bifurcation, in which an attracting symmetric periodic orbit loses stability (the symmetric orbit turns into a repeller) and bifurcates into two pairs of solutions of saddle type, with respective symmetries (1.5), and another two pairs of attracting solutions, with respective symmetries (1.6). Example 1.2 As a second example, we consider a time-periodic vector eld (1.1) in R 2 with the space-time symmetries (x; t) 7 ! (M x (x); ?t) and (x; t) 7 ! (R 2 (x); 1 2 ? t):
We suppose the ow has a periodic orbit x(t) with full symmetry, i.e. x(t) = M x (x(?t)) = R 2 (x( 1 2 ? t)), so that x(0) = x 0 is a xed point of the time-one return map X 0;1] . The di erence with Example 1.1 is that now certain space-time symmetries involve a time-reversal (t 7 ! c ? t, c 2 R), whereas in the previous example no time-reversals arose.
We may write the time-one return map as ( The periods of these solutions are again all equal to one (cf. Proposition 7.4). As a consequence of the fourfold reversing symmetry, the fully symmetric periodic solution x(t) is generically of saddle type. In the case of a supercritical bifurcation one either nds four orbits of saddle type and four elliptic ones (the saddles symmetric with respect to a symmetry (1.9), and the elliptic orbits symmetric with respect to a reversing symmetry (1.10)) or four orbits of saddle type, two attractors and two repellers (the saddles now symmetric with respect to a reversing symmetry (1.10) and the attractors and repellers symmetric with respect to a symmetry (1.9)).
In Example 1.1 all the symmetries of the orbit that do not involve a time-shift appeared as k-symmetries of the map f. In the case of reversing symmetries a new phenomenon arises. Namely, the spatial part R 2 of the reversing symmetry (x; t) 7 ! (R 2 (x); 4 . These occurrence of di erent symmetry properties in return maps of the same system is illustrated in Figure 1 . This phenomenon will be discussed in more detail in Section 4.
The above examples illustrate the importance of recognizing the decomposition properties of the time-one return map for understanding the dynamics. For instance, generic local bifurcations of di eomorphisms with the linear symmetry properties of the time-one return map X 0;1] di er signi cantly from the generic bifurcations of the di eomorphisms with these symmetry properties which also possess special decomposition properties (as the ones in the above examples). Remarks along this line were made previously also by Swift and Wiesenfeld 28] and Fiedler 7] .
The decomposition properties of the time-one return map leads us to study k-symmetric maps f. The k-symmetry properties of these maps precisely describe the interaction between the time-shift symmetries and the other spatiotemporal symmetry properties (cf. the relations (1.4) and (1.8) above). In Section 3 we will see that in the more abstract theory of k-symmetric dynamical systems these relations are described in the form of so-called f orbits.
One could also study local bifurcations of space-time symmetric periodic orbits with other methods than return maps (e.g. using a Liapunov-Schmidt reduction directly on the ow). However, the advantage of the use of return maps is that one can obtain information not only on the singularities describing the local bifurcations but also about the stability properties of the bifurcating solutions and other aspects of the local dynamics (information that gets lost in a Liapunov-Schmidt reduction on the ow).
In this paper, we will also see how certain aspects of the dynamics of k-symmetric Although we mainly focus on k-symmetric maps that arise in the context of return maps of space-time symmetric ows, it should be noted that not every k-symmetric di eomorphism can be related to the return map of a space-time symmetric vector eld. However, in Theorem 6.2 we nd that an intimate relationship does exist in a local context. In fact, we will show in Section 7, that this result provides a geometrical interpretation of formal symmetry properties of Birkho normal forms at xed points of di eomorphisms in terms of the the possibility of a local construction of a space-time symmetric suspension ow. This construction is such that the formal symmetry property of the Birkho normal form corresponds to a time-shift symmetry of the locally constructed suspension ow.
This paper is organized as follows. In Section 2 we present a brief introduction into k-symmetry. In Section 3 we then show how k-symmetric maps naturally arise in the study of space-time symmetric ows. In Section 4 we discuss the simultaneous occurrence of dual (representations of) reversing k-symmetry groups. In Section 5 we focus on periodic orbits, and discuss the relation between k-symmetric periodic orbits of k-symmetric maps and symmetric periodic orbits of space-time symmetric ows. In Section 6 we change our perspective and discuss in what way k-symmetric maps are related to return maps of spacetime symmetric ows, both globally and locally (around xed points). In Section 7 we discuss in more detail the local correspondence in the context of Birkho normal forms, and its application in the context of local bifurcation problems as sketched in Examples 1. Often, the symmetry properties of a map f are described satisfactory in terms of its symmetries and reversing symmetries. However, this is not always the case. Namely, it may happen that the kth iterate of a map f has more symmetries and reversing symmetries than the original map f, in which case we speak of k-symmetry.
De nition 2.1 A map S is called a k-symmetry of f if k is the smallest positive integer for which S is a symmetry of f k , i.e. f k S = S f k :
Similarly, a map R is called a reversing k-symmetry of f if k is the smallest positive integer for which
The occurrence of k-symmetries and reversing k-symmetries induces the de nition of a map f , where f S = f (S) f; when S is a symmetry of f k ; (2.6) f R = f (R) f ?1 ; when R is a reversing symmetry of f k :
One should note that f maps k-symmetries of f to k-symmetries of f and reversing ksymmetries of f to reversing k-symmetries of f.
Consider a reversing symmetry group of f q for some value of q. Then, U 2 is a (reversing) k-symmetry of f with k being the smallest positive integer for which k f (U) = U, i.e. (reversing) k-symmetries come in f -orbits of length k. Necessarily, k must divide q.
In describing the symmetry properties of a map f, we want to omit trivial symmetries and reversing symmetries of f k (such as the map f itself). Analogously to the fact that one sensibly studies symmetries and reversing symmetries occurring in groups instead of sets that are not closed under composition, in the k-symmetric context we preferably deal with sets of symmetries and reversing symmetries of f k that are not only groups, but are also closed under f .
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De nition 2.2 A (reversing) symmetry group of f q is called a (reversing) k-symmetry group of f when k is the smallest positive integer for which each element of is a (reversing) symmetry of f k and f : 7 ! , with f de ned on symmetries and reversing symmetries of f k as in (2.6) and (2.7).
In shorthand notation we denote the symmetry properties of a map f { (reversing) k-symmetry group and f -orbit structure { as ( ; f ). The theoretical framework for k-symmetry as presented here was rst developed in 20], and further explored and re ned in 3, 15{18, 21].
In this paper, we will focus on the occurrence of k-symmetric maps primarily in the context of return maps of space-time symmetric ows of time-periodic vector elds in R n .
3 Return maps of time-periodic ows with spatiotemporal symmetries
Consider a dynamical system on a manifold that is the ow of a time-periodic (nonautonomous) vector eld F, described by the ordinary di erential equation d dt x = F(x; t):
In describing the symmetry properties of such a dynamical system we consider spatiotemporal symmetries of the form U :
where we take U to be a homeomorphism, acting on (x; t) 2
The temporal part f j U 2 ? for some Ug of the spatiotemporal symmetry transformations forms a closed subgroup of O (2), and we may hence choose a time-coordinate frame such that the action of this subgroup is linear.
In this setting, we distinguish the following three types of spatiotemporal symmetries:
Symmetry: S 1 : (x; t) 7 ! (S(x); t), Time-shift symmetry: A s : (x; t) 7 ! (A(x); t + s), Reversing symmetry: R s : (x; t) 7 ! (R(x); ?t + s). Finally, our fourth and last hypothesis is: H4 (Id s ) 6 2 ? for all s 2 R. In case H4] is not satis ed, the return maps we intend to study will be involutory (their square is the identity). By requiring H4] we avoid this degenerate situation.
For the moment we will not further specify the spatial parts of the symmetry transformations or the manifold on which the ow is de ned. In examples, however, we will mainly focus on the case that = R n and ? O(n) D q acting linearly on R n S In the group of spatiotemporal symmetries ? we distinguish the following subgroups: Let us now consider a return map, assuming we choose the surface to be S 0 , gauging our time-coordinate frame such that whenever ? contains reversing symmetries, at least one of them xes S 0 setwise (i.e. ? 6 =? ) ? 0 6 =?).
We will now examine in what way the spatiotemporal symmetries of the periodic ow emerge in the return map. While studying the symmetry properties of the return map, we are primarily interested in the spatial components of spatiotemporal symmetries of the ow. We let denote the group consisting of the spatial parts of the spatiotemporal symmetries in ?, := fU j U 2 ? for some g: ( Remark 3.2 Theorem 3.1 establishes the link between return maps of space-time symmetric ows and k-symmetry. Namely, 0 is a reversing k-symmetry group of f, with k being the smallest integer for which A k has 0 as a reversing symmetry group, and f = A .
This connection was rst established in 16] , where an abridged version of this theorem was presented. In that paper we focussed on the case that A q = Id, in which case the timeone map is precisely the qth iterate of a k-symmetric map f, for some value of k dividing q.
We thus nd the spatiotemporal symmetry properties of the ow represented in terms of the reversing k-symmetry group 0 of the map f and its f -orbit structure. By keeping track of the precise k-symmetry properties of the map f we retain important information about the spatiotemporal symmetry properties of the underlying ow.
In case A is of in nite order, although f : 0 7 ! 0 and A q 2 0 , there might not exist a positive integer k for which k f (U) = U for all U 2 . However, the ( 0 ; f ) symmetry property still imposes a lot of structure on the dynamics of f. We will refer to this case as k = 1. In general, the full structure of the reversing k-symmetry group will impose more constraints complicating the decomposition property further, see e.g. the detailed treatment of the decomposition property in the case of cyclic reversing k-symmetry groups in 21]. (3.7) . In particular, we thus nd that~ E a for all a. So, only the reversing symmetries in a depend on the choice of the surface of section. Time-shift symmetries do not x any surface of section, so the spatial component of a time-shift symmetry never arises as an element of a .
In the presence of reversing symmetries, we preferably consider a surface of section that is setwise xed by at least one reversing symmetry. However, there will always exist other reversing symmetries that do not x this particular surface of section. In particular, we nd that there are (at most) three types of subgroups a of acting naturally on a surface of section. This is the content of the following theorem. (ii) Hence, in one return map we nd more than one reversing symmetry group acting simultaneously. One of them acts naturally (as the spatial components of a subgroup of the spatiotemporal symmetry group ? that xes the surface of section setwise), while the others in general do not.
Recall that the map f a = A X a;a+ 1 q ] is ( a ; A ) k-symmetric, cf. Theorem 3.1. We will refer to the simultaneous occurrence of two nonisomorphic types of reversing k-symmetry groups in maps possessing a reversing k-symmetry group as the duality of reversing ksymmetry groups. This phenomenon was rst identi ed in some examples of k-symmetric maps in 15, 21] , in which it was noticed that in the presence of dual reversing k-symmetry groups by choosing a coordinate frame one can usually make only one of the dual reversing k-symmetry groups acting linearly. Our discussion here provides an explanation of this phenomenon in the context of return maps of space-time symmetric ows.
The occurrence of dual reversing k-symmetry groups is related to the fact that the temporal part of the spatiotemporal symmetry group ? is isomorphic to the dihedral group D q (for some value of q). Considering the natural action of D q on the circle, we nd that points of nontrivial isotropy come in two equivalence (conjugacy) classes when q is even, but only in one equivalence class if q is odd. The equivalence classes of points with nontrivial isotropy correspond to equivalence classes of subgroups xing surfaces of sections. So we have two equivalence classes of isotropy subgroups of surfaces of section that contain a reversing symmetry if q is even, but only one if q is odd. All surfaces of section S a related to the same equivalence class have isomorphic reversing symmetry groups a with equivalent (conjugate) representations. In Table 1 we list the possible combinations of groups ,~ , and^ and corresponding pairs of reversing symmetry groups 0 and 1 2q (assuming whenever 6 =^ that 0 contains at least one reversing symmetry). Note that pairs of nonisomorphic dual reversing k-symmetry groups only arise in the last entry of this table, when p > 1.
As an example of such a group with p = 2, let us consider the time-one map of a time- In this section we will discuss the correspondence between symmetric periodic orbits of ows and periodic orbits of k-symmetric maps that are related to their return maps in the spirit of Theorem 3.1. In the ow X of an ODE (3.1), the symmetry properties of an orbit x(t)
are speci ed by a subgroup of ? containing spatiotemporal symmetries U :
De nition 5.1 Let x(t) be an orbit of a (nonautonomous or autonomous) ow. Then this orbit is symmetric with respect to a spatiotemporal symmetry U when U (x(t)) = x(t) for all t 2 R. An orbit x(t) of the di erential equation (3.1) is said to be periodic with period p (p > 0) when p is the smallest real number for which x(t) = x(t + p) for all t 2 R. From the observation that x(t) = x(t + p) for some value of t, the implication that x(t) = x(t + p) for all t 2 R follows if and only Id p is a time-shift symmetry of the equations of motion. It is useful to focus on periodic orbits of this type, so that the periodicity of an orbit corresponds to a (time-shift) symmetry property of the equations of motion. Considering time-periodic nonautonomous equations with minimal pure time-shift symmetry Id 1 (cf. H1]), we will hence focus on measuring periods of orbits in integer numbers. These periodic ow-orbits correspond to periodic orbits of the time-one return map X 0;1] . We will now examine how symmetric periodic orbits of a ow X with spatiotemporal symmetry group ? can be recognized and analyzed in terms of periodic orbits of the ( 0 ; A ) k-symmetric map f := A X 0; 1 q ] , and vice versa.
The following Proposition summarizes a few connections between orbits of a k-symmetric map f and the ow orbits they represent. A proof of this Proposition follows straightforwardly by application of the de nitions, and is therefore omitted. Namely, let y n (0) := f n (x 0 ) (for some n 2 Z) then y n (t) := X 0;t] y n (0) = (A n ? n q )x(t); 8 t 2 R:
Property (ii) states that the period p of the f-orbit o(x 0 ) (i.e. the smallest positive integer for which f p (x 0 ) = x 0 ) is the smallest positive integer for which A p ? p q is a time-shift symmetry of x(t). The number p also equals the number of di erent periodic orbits in the hA ? 1 q i group orbit of x(t).
Property (iii) identi es spatiotemporal symmetry properties of ow orbits as k-symmetry properties of the f-orbits. We will discuss this relationship in more detail below.
The (integer) period P of a ow orbit x(t) can be derived by recognizing the periodicity as a time-shift symmetry property. In describing time-shift symmetries of a periodic oworbit x(t) with x(0) =: x 0 it is of interest to nd the smallest positive integer n for which (f n S)x 0 = x 0 for some k-symmetry S of f. Namely, by Proposition 5.2 (iii) this implies that (A n S) ? n q is a \minimal" time-shift symmetry of the periodic orbit (i.e. a time-shift symmetry with minimal time-shift component). Now, let l be the smallest positive integer multiple of q gcd(n;q) such that ((A n S) l 1)x(t) = x(t) for all t 2 R. Then, the period P of x(t) is given by P = l n q :
Note that P is always an integer multiple of n gcd(n;q)
. In comparison, recall that the period p of the f-orbit o(x 0 ) is the smallest positive integer for which A p ? p q is a time-shift symmetry of x(t).
Periodic orbits of k-symmetric maps were previously studied by Brands et al. 3] . In that paper the attention was focussed on k-symmetric periodic orbits:
De nition 5.4 20] Let U be a (reversing) k-symmetry of a map f. An orbit o(x) of f is k-symmetric with respect to U if (f n U)y = y for some y 2 o(x) and some n 2 Z. From Proposition 5.2 (iii) it is clear that there is an intimate relationship between ksymmetric orbits of k-symmetric maps and space-time symmetric orbits of the ows they represent. In the remainder of this section we will discuss this relationship in more detail in relation to the characterization of periodic orbits possessing reversing k-symmetries.
Our rst result characterizes periodic orbits that are symmetric with respect to a reversing symmetry. f (R 0 )). Now we note that if o(x 0 ) is k-symmetric with respect to R 0 , and has a point in Fix(R 0 ) or Fix(f R 0 ), then it also k-symmetric with respect to n f (R 0 ) for all n = 0 mod gcd(p; k) and hence has a point in Fix( n f (R 0 )) or Fix(f n f (R 0 )), cf. 3, Theorem 2.3]. As (k ? 1) mod gcd(p; k) 2 f0; : : : ; gcd(p; k) ? 1g we thus nd that the orbit has a point in Fix(R 0 ) or Fix(f R 0 ) with R 0 2 f n f (R); f n f (R) j n 2 f0; : : : ; gcd(p; k) ? 1gg as stated in the Theorem.
In case p, p= gcd(p; k) and gcd(p; k) are all even, it remains to be shown that the xed sets Fix(R 0 ) with R 0 2 f n f (R); y n f (R) j n 2 f0; : : : ; gcd(p; k)?1gg and Fix(R 0 ) Fix(f k R 0 ) with R 0 2 f n f (R); y n f (R) j n 2 f0; : : : ; gcd(p; k)=2 ? 1gg are identical. To show this, we note that when gcd(p; k) is even k must be even, and Fix(f k R 0 ) = f k=2 Fix( k=2 (R 0 )).
We assert that k is an odd multiple of gcd(p; k) and hence that k=2 6 = 0 mod gcd(p; k).
If the assertion is true, it follows indeed that the above sets are identical as in that case f k=2+n f (R) j n 2 f0; : : : ; gcd(p; k)=2?1gg = f n f (R) j n 2 fgcd(p; k)=2; : : : ; gcd(p; k)?1gg.
To prove the assertion, we note that p= gcd(p; k) is even, from which it immediately follows that k= gcd(p; k) must be odd.
The proof is concluded by observing that a periodic orbit of a map f with a point inside the xed set Fix(U), is of period p if and only if this point is also inside Fix(U)\Fix(f p U). 6 From k-symmetric maps to space-time symmetric ows
In the previous sections we have mainly focussed on the construction of k-symmetric maps from return maps of space-time symmetric ows. It is however also of interest to raise the question whether we can relate every k-symmetric map to a space-time symmetric ow. Interestingly, we will state in Theorem 6.2 that locally around a k-symmetric xed point x 0 of a k-symmetric di eomorphism f (including the case k = 1) the di eomorphism is always related to the return map of a space-time symmetric ow with the xed point x 0
representing a space-time symmetric periodic orbit. In Section 7 we will discuss how the latter result underlies the occurrence of formal symmetry properties of (Birkho ) normal forms and can be applied in the analysis of local bifurcations.
Examining the construction of k-symmetric maps from space-time symmetric ows, one nds that the reverse procedure can be applied only when f satis es some additional conditions. h : R n 7 ! R n is isotopic to the identity transformation. Proof. Let g : R n 7 ! R n . If g is isotopic to the identity, then g is the time-one return map of the owX of a (time-one periodic) vector eld in R n . As g is~ -equivariant, the owX can be constructed in such a way that whenever S g = g S for some S 2~ , then S X t 1 ;t 2 ] =X t 1 ;t 2 ] S for all t 1 ; t 2 2 0; 1i.
From the fact that f is ( ; A ) k-symmetric it is easily veri ed that whenever R 2 0 ?~ , then R A is a reversing symmetry of g. This reversing symmetry of g can be respected in the construction of the owX if and only if g := (R A) h (R A) ?1 h ?1 for some h that is isotopic to the identity transformation (with h representingX 1 reversing symmetries of g, together with the time-shift symmetry obtained in the construction above, form the spatiotemporal symmetry group of the ow X.
It should be noted that the conditions listed in Theorem 6.1 explicitly require that g and h are isotopic to the identity transformation. As a result, not every k-symmetric map is directly related to the return map of a space-time symmetric ow in R n S 1 . In this respect it should be noted that f can always be constructed to be the return map of a ow, also if g is not isotopic to the identity. However, in that case g is not the return map of a ow in R n S 1 but only of a ow in an (n + 1)-dimensional space with a more complicated topology (cf. the discussion in 25, x5.8.1]). It would be interesting to further explore the existence of these topologically nontrivial suspension ows, but this is beyond the scope of the present paper.
In a local context, it turns out that with a suitable choice of A the conditions set out in Theorem 6.1 can always be satis ed. First of all we note that when f is ( ; f ) k-symmetric, it is also ( ; Ls ) k-symmetric 17, Lemma 2.2], and hence that 0 :=~ (R L s )~ is a reversing symmetry group of g := L ?1 s f. We then verify that g is isotopic to the identity transformation. Namely, dgj x 0 = exp(J) where J is a nilpotent linear transformation 29]. We are left to verify that (R L s ) ?1 g is locally smoothly conjugate to (R L s ) ?1 . Since dgj x 0 = exp(J) and g has R L s as a reversing symmetry, it follows that 17] 
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Moreover, as dhj x 0 = exp(?J=2), h is indeed isotopic to the identity transformation.
Formal normal form symmetry and local bifurcations
In this section we will discuss the relationship between the local constructions described in Theorem 6.2 and the phenomenon of formal normal form symmetry. We will also discuss the consequences of this relationship for local bifurcation theory.
The (Birkho ) normal form of a map f at a xed point x 0 is obtained by bringing the formal Taylor expansion of f at x 0 into a simple form by choosing a convenient set of local coordinates. The main idea behind normal forms is to study aspects of the local dynamics around x 0 by means of properties of the (truncated) Taylor series expansion of the map around x 0 . However, one should be careful in using this approach as formal Taylor expansions of f at x 0 may display dynamical properties that are di erent from the local dynamics of f around x 0 .
By an appropriate choice of coordinates, normal forms can always be chosen to be equivariant with respect to the semisimple part of the linear part of the map at the xed point: (7.2) , ((L s N 1 ) n U)y 0 = y 0 : (7. 3)
The normal form symmetry of the steady state in (7.3) represents, in analogy to Proposition 5.2, a periodic orbit of the original ow X with spatiotemporal symmetry (A n U) with = ? n q if U 2~ and = ? n q if U 2 0 ?~ .
It should be noted that A need not be identical to L s .
In this way, the isotropy subgroups of bifurcating steady states in the normal form ow provide full information on the spatiotemporal symmetry properties of periodic solutions in the original ow that they represent.
General results on generic local bifurcations can be obtained, e.g. using the equivariant branching lemma (following the ideas set out in 9]). However, a full treatment along these lines is beyond the scope of the present paper. Instead, we will illustrate the procedure by a few examples. Hence we observe a clear distinction between resonances with q even and q odd: when q is even the bifurcating periodic orbits have a spatiotemporal symmetry group isomorphic to Z 2 (generated by a reversing symmetry), while in case q is odd the bifurcating periodic orbits have a spatiotemporal symmetry group isomorphic to D 2 (generated by a reversing symmetry and a time-shift symmetry).
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Return maps of time-periodic ows have many properties in common with local return maps for periodic orbits of autonomous ows. Although we have stated our main results in the context of return maps of time-periodic ows, we would like to emphasize their validity and relevance also in the context of local return maps for symmetric periodic orbits of autonomous ows. The dynamics in the neighbourhood of a periodic orbit of an autonomous ow is conveniently studied by means of a local ( rst) return map. Such a map g is de ned from a section S to itself, g : S 7 ! S, where S is a (n ? 1)-dimensional subspace of R n intersecting the periodic orbit in R n transversally at some point x 0 . If x 0 is a point in which an orbit x(t) of the ow transversally intersects the section S, then g(x 0 ) is de ned to be the point in which this orbit intersects S the next time (i.e. if x 0 = x(0), then g(x 0 ) = x(t 1 ) 2 S such that x(t) 6 2 S for all t 2 h0; t 1 i). Obviously, such a return map is usually only locally de ned. For a more extended introduction on return maps, see e.g. Wiggins 32 ]. We consider a return map for a single periodic orbit so that the periodic orbit arises as a xed point of the return map. Without loss of generality we may assume the period of the orbit to be equal to 1, and we conveniently choose the time coordinate so that the point x 0 on the periodic orbit in the surface of section corresponds to the state of the system at time t = 0.
We are particularly interested in return maps of symmetric periodic orbits, i.e. orbits x(t) that satisfy U(x(t)) = x( (t)) for all t 2 R for some U 2 ? (cf. De nition 5.1).
Consequently, every U -symmetric periodic orbit is also setwise invariant under the action of the spatial part U : R n 7 ! R n . It should be noted that in the context of autonomous ows in R n one commonly calls an orbit x(t) symmetric with respect to a (reversing) symmetry U : R n 7 ! R n whenever U xes the orbit setwise. This is in implicit agreement with De nition 5.1, as in autonomous ows a : t 7 ! t + a is a time-shift symmetry for all a 2 R, so that whenever Ux(0) = x(a) for some a 2 R, indeed the periodic orbit is symmetric with respect to the spatiotemporal symmetry U a or U a . It should be noted, however, that in order to analyse the local dynamics around a symmetric periodic orbit accurately it is important to take notice of the temporal components of the spatiotemporal symmetries of periodic orbits, cf. e.g. also the treatises on bifurcation theory of symmetric periodic orbits of Golubitsky et al. 9] and Fiedler 7] .
Let ? be the group of spatiotemporal symmetries of the periodic orbit, and let? denote the subgroup of ? containing symmetries which x the orbit pointwise. Then? is a normal subgroup of ?, and it is well known that ?=? ' D q (for some q) when ? contains a reversing symmetry and that ?=? ' Z q when it does not contain a reversing symmetry, cf. e.g. replaced by h, the results of Section 3 (in particular Theorem 3.1) equally apply. Importantly, again, the spatiotemporal symmetry properties of the ow induce no further structure on the rst hit map than the k-symmetry properties described above. Hence, generic bifurcations of the periodic orbit are faithfully represented by generic local bifurcations of k-symmetric maps.
In analogy to the discussions in Section 4, one can identify an alternative choice for a surface of section S 0 that is not xed setwise by the reversing symmetry R (that xes S), but by the reversing symmetry R A. If S contains the point of the periodic orbit at time t = 0, then S 0 must contain the point of the periodic orbit at time t = 1 2q
and hence S 0 must lie between S and A ?1 (S) (that contains the point of the periodic orbit at time t = 1 q ). Note in this respect that R A(A n (S)) = A ?n?1 (S) for all n 2 f1; : : : ; qg. Thus, in the presence of a reversing symmetry we can further decompose the rst hit map h into h := h 2 h 1 , with h 1 : S 7 ! S 0 and h 2 : S 0 7 ! A ?1 (S). We then obtain decomposition properties of the return map analogous to those in Remark 3.4. Similarly, the results of Section 4 (e.g. Theorem 4.1) have their validity readily extended to the context of local return maps. Return maps for periodic orbits that are symmetric with respect to a single reversing symmetry have been previously studied in the context of subharmonic bifurcations by Vanderbauwhede 31] . In particular, in that work the decomposition property (3.30)-(3.32) was employed in the special case when A = Id.
The present paper uni es and extends the above approaches into the framework of ksymmetric maps.
